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Spring 2017 MATHS5012

Exercise 4

Let w, be the volume of the unit ball in R™™! so w; = 2,wy = 7,w3 = 4/3m,

etc. Show that
1
Wy, = 2wn_1/ (1— xQ)(”_l)/2dx,
0

and deduce the formula

7Tn/2

T(n/2+1)

Wn =

Look up the definition of the Gamma function yourself. This is supposed a

problem on Fubini’s theorem in advanced calculus.

Use Fubini’s theorem and the relation
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to prove that

lim

Complete the following proof of Hardy’s inequality (chapter 3, Exercise 14 in
[R]): Suppose f >0 on (0,00), f € LP, 1 < p < 00, and

:é/omf(t)dt

Write zF(z / f()t ™ dt, where 0 < a < 1/q, use Holder’s inequality to

get an upper bound for F'(x)?, and integrate to obtain

/OOOFP(Q:) dr < (1 —aq)' P(ap)™! /Ooofp(t) dt



Show that the best choice of a yields

/0 T Fr(a)da < (%)p /0 ) .

(4) Prove the following analogue of Minkowski’s inequality, for f > 0:

{ [ oy du(m)}; < [[ [ du(w)]; IA(y).

Supply the required hypotheses.

Many problems are taken from chapter 8, [R].



